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Properties of Sets

Commutative Laws

Sets Boolean
AUuB=BUA pvg=qVvp
ANB=BnNA PAG=qAPp

Associative Laws
Sets Boolean

(AUB)UC=AU(BUC)
(ANB)NC=An(BNC)

(pva)vr)=pv(qVr)
(bAG)A)=pA(QAT)

Distributive Laws

Sets

Boolean

AU(BNC)=(AUB)N(AUC)
AN(BUC) = (ANB)U(ANC)

pv(gAr)=(pVa A(pVr)
pA(@Vvr)=(pPAq)V(PAT)

-
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Properties of Sets

Identity Laws

Sets Boolean
Aug=A pVvVF=p
ANU=A pPpAT=p

Complement Laws

Sets Boolean
AUA=U | pVv~p=T
ANA =g | pA~p=F
Double Complement Laws

Sets Boolean

(AP =A [ ~(~p)=p
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Properties of Sets

Idempotent Laws
Sets Boolean
AUA=A pVp=p
ANA=A PAP=p
Universal Bound Laws
Sets Boolean
AuU=U pvT=T
AN =0 PANF=F
DeMorgan’s Laws
Sets Boolean
(AUB) =A°NB° | ~(pVQ)=~pA~Q
(ANB)=A°UB° | ~(pANQ)=~pV ~Q
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Absorption Laws
Sets

AUANB) = A

Boolean

pv(pAg) =p
ANn(AUB)=A | pA(pVvg) =p
Complements of U and &
Sets Boolean
Uc=o ~T=F
g¢=U ~F=T
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Examples

@ The connection between sets and boolean expressions is the
predicate.

@ For example, recall

AUB={x| P(x)Vv Q(x)},
ANB={x|P(x)AQ(Xx)},
AC = {x |~ P(x)}.
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@ What set expressions are equivalent to

p—aq,
p<q,
peaq,
p NAND q,
p NOR q.
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@ Properties of Sets
© Proofs with Sets
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@ To prove that two sets A and B are equal,
e Prove that AC B and

@ Prove that B C A.
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For any three sets A, B, and C,

AU(BNC)=(AUB)N(AUC).
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@ Let A, B, C be any three sets.

@ First, showthat AU(BNC) C (AUB)N(AUC).
e Letxc AU(BNC).
@ Thenx € Aorxe BnC.

o lfxe A thenxc AuBand xc AUC.
@ Soxe(AUB)N(AUCC).
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@ On the other hand, if x € BN C, then x € Band x € C.
@ SoxcAuBand xc AU C.

e Therefore, x e (AUB)N (AU C).
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Example

Proof.
@ Now, show that (AUB)N (AU C) C AU (BN C).
Letx e (AUB)N (AU C).
Then x e AUBand x € AU C.
If x € A thenx € AU(Bn C).
If x ¢ A, then x € Band x € C.
e So x € BN C and therefore, x € AU (BN C).

@ Therefore, (AUB)N(AUC) =AU (BN C).
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@ To prove that a set A is empty,

o Let x € A, i.e., suppose that A # .
e Reach a contradiction.
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For any sets A and B,

(A-B)n(B—A)=o.
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Example

Proof.
@ Let Aand Bbe setsand let x € (A— B) N (B — A).
@ Thenxec A—Bandx € B— A
@ Butif xe A—B,thenx € Aand x ¢ B.
@ Andif x e B— A, then x € Band x ¢ A.
@ This is a contradiction, so (A— B)N(B— A) = 2.
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Bampe
T o vre semonces manons. |

Forany sets A, B, and C, ifAC Band BN C = @,then AN C = @.




Example

Proof.

@ Let A, B,and Cbesetsandlet x ¢ An C.

@ Thenx € Aand x € C.

@ Butif x € A, then x € B, because A C B.
@ Soxe BnC.

@ But BN C = @, which is a contradiction.
@ Therefore, AN C = @.
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@ Translate the last two theorems into boolean expressions.
@ Do the proofs also translate?
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@ Read Section 6.2, pages 352 - 364.

@ Exercises 3, 4,9, 10, 14, 15, 18, 19, 31, 32, 34, page 364.
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